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1. Introduction
Suppose that k is a positive integer, then for an arbitrary integer h, the Dedekind sum S(h,k) is deﬁned as
S(h,k) =
k∑
n=1
((
n
k
))((
nh
k
))
,
where
((x)) =
{
x− [x] − 12 , if x is not an integer,
0, if x is an integer.
Later, T. Cochrane introduced a sum analogous to it as follows:
C(h,k) =
k∑′
n=1
((
n
k
))((
nh
k
))
,
where
∑ ′ denotes the sum runs through the integers which are coprime with k, and n is the integer satisfying nn ≡
1 (mod k). There are many recent papers on Cochrane sums. For example, Wenpeng Zhang and Yuan Yi [3] gave an upper
bound estimation as
∣∣C(h,k)∣∣ √kd(k) log2 k,
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Y. Lu, Y. Yi / J. Math. Anal. Appl. 356 (2009) 502–516 503where d(k) is the divisor function. In [4], Wenpeng Zhang gave an asymptotic formula for the mean square value of C(h,k)
with k > 2:
k∑
h=1
C2(h,k) = 5
144
φ2(k)
∏
pα‖k
(p + 1)2/(p2 + 1) + 1/p3α
1+ 1/p + 1/p2 + O
(
k exp
(
4 logk
log logk
))
,
and in [5–7], some kinds of hybrid mean value formulae involving C(h,k) and Kloosterman sum had been studied.
In this paper, we will consider the mean square value of C(h,q) over short intervals for squarefree integer q, in fact, we
have the following
Theorem. Suppose that q 3 is a squarefree integer, and δ is a real number with 0 < δ  1, then
∑′
hδq
C2(h,q) = 5δ
144
φ3(q)
q
∏
p|q
p2 + 2p − 1
p2 + 1 + O
(
q2−
1
2ω(q) +ε), (1)
where
∑ ′ denotes the sum runs through the integers which are coprime with q, ω(q) = ∑p|q 1, ε is a suﬃciently small positive
constant and the O constant depends only on it.
As a special case of this theorem, we can get an asymptotic formula when q is a prime, that is the following
Corollary. Let p > 2 be a prime number, and δ be a real number with 0 < δ < 1, then
∑
hδp
C2(h, p) = 5δ
144
p2 + O (p 32+ε),
where the O constant depends only on ε.
For general integer q 3 and real number δ (0 < δ  1), whether there exists an asymptotic formula for
∑ ′
hδq C
2(h,q)
is still an open problem.
Notation:
μ(n) and d(n) are the Möbius function and divisor function, respectively; e(x) = e2π ix;
let χ be a Dirichlet character modulo q, then G(m,χ) = ∑nq,(n,q)=1 χ(n)e(mn/q) denotes the Gauss sum, and
τ (χ) = G(1,χ);
[x] is the largest integer not exceeding x, {x} = x− [x], ‖x‖ = min({x},1− {x});
let s, t be two positive integers with (s, t) = 1, we denote {s; t} the integer satisfying 1 {s; t} t and {s; t}s ≡ 1 (mod t);
we write χq ⇐⇒ χ∗q∗ , if χ∗q∗ is the primitive character corresponding to χq;
J (q) =∑u|q μ(q/u)φ(u) is the number of primitive characters modulo q;∑∗
χ mod q means that the sum runs through the primitive characters modulo q;
ε always denotes a suﬃciently small positive constant which may be different at different places.
2. Basic treatment of the Cochrane sum
Lemma 1. Let integer q 3 and (h,q) = 1, we have
C(h,q) = − 1
π2φ(q)
∑
χ mod q
χ(−1)=−1
χ(h)
( ∞∑
n=1
G(n,χ)
n
)2
. (2)
Proof. See reference [5]. 
Making use of Lemma 1, we have
∑′
hδq
C2(h,q) = 1
π4φ2(q)
∑
hδq
(h,q)=1
∑
χ1 mod q
χ1(−1)=−1
χ1(h)
( ∞∑
n=1
G(n,χ1)
n
)2 ∑
χ2 mod q
χ2(−1)=−1
χ2(h)
( ∞∑
n=1
G(n,χ2)
n
)2
= 1
π4φ2(q)
∑
χ1 mod q
∑
χ2 mod q
( ∞∑
n=1
G(n,χ1)
n
)2( ∞∑
n=1
G(n,χ2)
n
)2 ∑
hδq
χ1χ2(h)χ1(−1)=−1 χ2(−1)=−1
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π4φ2(q)
∑
χ mod q
χ(−1)=−1
( ∞∑
n=1
G(n,χ)
n
)2( ∞∑
n=1
G(n,χ)
n
)2(
δφ(q) + O (d(q)))
+ 1
π4φ2(q)
∑
χ1 mod q
χ1(−1)=−1
∑
χ2 mod q
χ2(−1)=−1
χ1χ2 =χ0q
( ∞∑
n=1
G(n,χ1)
n
)2( ∞∑
n=1
G(n,χ2)
n
)2 ∑
hδq
χ1χ2(h). (3)
In order to calculate (3), we need some basic properties of
∑∞
n=1
G(n,χ)
n .
3. Some properties of
∑∞
n=1
G(n,χ)
n
In this section, we suppose that q 3 is an arbitrary integer, χ is a Dirichlet character modulo q.
Lemma 2. For χ = χ0q and any positive real number x, we have∑
nx
G(n,χ)  q logq. (4)
Proof. From the deﬁnition of the Gauss sum, we know that∑
nx
G(n,χ) =
∑
nx
∑
aq
(a,q)=1
χ(a)e
(
na
q
)
=
∑
aq
(a,q)=1
χ(a)
e(a/q)(1− e(a[x]/q))
1− e(a/q)

∑
aq−1
1
|1− e(a/q)| 
∑
aq−1
1
‖a/q‖
 q logq. 
Lemma 3. Assume χ = χ0q , x > 1, we have
∞∑
n=1
G(n,χ)
n
=
∑
nx
G(n,χ)
n
+ O
(
q logq
x
)
. (5)
Proof. It is easy to deduce from Lemma 2 that
∑
n>x
G(n,χ)
n
=
∞∫
x
∑
x<ny G(n,χ)
y2
dy  q logq
x
,
and our lemma follows immediately from this. 
Lemma 4. Assume χ = χ0q and χ ⇐⇒ χ∗q∗ , we have
∞∑
n=1
G(n,χ)
n
√q∗d2(q) logq. (6)
Proof. It is well known that (see, e.g. reference [2], §1.2, Lemma 5 and the corollary of Lemma 3)
(i) If (n,q) = 1, then
G(n,χ) = χ(n)χ∗
(
q
q∗
)
μ
(
q
q∗
)
τ (χ∗);
(ii) If (n,q) > 1 and q∗ = q, then G(n,χ) = 0;
(iii) If (n,q) > 1 and q∗ < q, then
G(n,χ) =
{
χ∗( n
(n,q) )χ
∗( qq∗(n,q) )μ(
q
q∗(n,q) )φ(q)φ
−1( q
(n,q) )τ (χ
∗), q∗ = q1
(n,q1)
,
0, q∗ = q1
(n,q1)
,
where q1 is the largest divisor of q which has the same prime divisors with q∗ .
Y. Lu, Y. Yi / J. Math. Anal. Appl. 356 (2009) 502–516 505So we have∑
nN
G(n,χ)
n
√q∗φ(q)∑
nN
1
n
φ−1
(
q
(n,q)
)
√q∗ φ(q)
q
∑
nN
(n,q)
n
d
(
q
(n,q)
)
√q∗d(q)∑
d|q
d
∑
nN
(n,q)=d
1
n
√q∗d2(q) logN,
combining this with Lemma 3 and choosing N = q/√q∗ , we have
∞∑
n=1
G(n,χ)
n
√q∗d2(q) logN + q logq
N
√q∗d2(q) logq. 
Lemma 5. Assume χ = χ0q , χ ⇐⇒ χ∗q∗ and N  q, then( ∞∑
n=1
G(n,χ)
n
)2
=
∑
nN
1
n
∑
st=n
G(s,χ)G(t,χ) + O
(√
q∗qd2(q) logq logN√
N
+ q
2 logq
N
)
. (7)
Proof. From Lemmas 3 and 4 we can easily deduce that( ∞∑
n=1
G(n,χ)
n
)2
=
{ ∑
m
√
N
G(m,χ)
m
+ O
(
q logq√
N
)}{ ∑
n
√
N
G(n,χ)
n
+ O
(
q logq√
N
)}
=
∑
m
√
N
∑
n
√
N
G(m,χ)G(n,χ)
mn
+ O
(√
q∗qd2(q) log2 q√
N
+ q
2 log2 q
N
)
=
∑
nN
1
n
∑
st=n
G(s,χ)G(t,χ) − 2
∑
√
N<nN
1
n
∑
st=n
t
√
N<s
G(s,χ)G(t,χ)
+ O
(√
q∗qd2(q) log2 q√
N
+ q
2 log2 q
N
)
.
Since∑
√
NnN
1
n
∑
st=n
t
√
N<s
G(s,χ)G(t,χ) 
∑
t
√
N
|G(t,χ)|
t
∣∣∣∣ ∑√
N<sN/t
G(s,χ)
s
∣∣∣∣
√q∗d2(q) logN · q logq√
N
,
our lemma follows at once from this.
From (3), Lemma 4 and q/φ(q) d(q) we know that∑′
hδq
C2(h,q) = M + E + O (qd10(q) log4 q), (8)
where
M = δ
π4φ(q)
∑
χ mod q
χ(−1)=−1
∣∣∣∣∣
∞∑
n=1
G(n,χ)
n
∣∣∣∣∣
4
, (9)
and
E = 1
π4φ2(q)
∑
χ1 mod q
χ1(−1)=−1
∑
χ2 mod q
χ2(−1)=−1
χ1χ2 =χ0q
( ∞∑
n=1
G(n,χ1)
n
)2( ∞∑
n=1
G(n,χ2)
n
)2 ∑
hδq
χ1χ2(h).  (10)
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Suppose that q  3 is a squarefree integer, χ is a Dirichlet character modulo q, χ = χ0q , χ ⇐⇒ χ∗q∗ , where q∗ | q. We
write q = q∗q2, so that (q∗,q2) = 1 since q is squarefree.
It can be easily deduced from the properties of the Gauss sum that
(i) If q∗ = q, then G(n,χ) = χ(n)τ (χ);
(ii) If q∗ < q and (n,q∗) > 1, then G(n,χ) = 0;
(iii) If q∗ < q, (n,q∗) = 1 and (n,q2) > 1, then
G(n,χ) = χ∗
(
n
(n,q)
)
χ∗
(
q
q∗(n,q)
)
μ
(
q
q∗(n,q)
)
φ(q)φ−1
(
q
(n,q)
)
τ (χ∗)
= χ∗
(
n
(n,q2)
)
χ∗
(
q2
(n,q2)
)
μ
(
q2
(n,q2)
)
φ(q)φ−1
(
q
(n,q)
)
τ (χ∗)
= χ∗(n)χ∗(q2)μ
(
q2
(n,q2)
)
φ((n,q2))τ (χ
∗)
= χ∗(n)χ∗
(
q
q∗
)
μ
(
q
q∗
)
μ
((
n,
q
q∗
))
φ
((
n,
q
q∗
))
τ (χ∗);
(iv) If q∗ < q and (n,q) = 1, then
G(n,χ) = χ∗(n)χ∗
(
q
q∗
)
μ
(
q
q∗
)
τ (χ∗).
Therefore, if q is squarefree, we will have
G(n,χ) = χ∗(n)χ∗
(
q
q∗
)
μ
(
q
q∗
)
μ
((
n,
q
q∗
))
φ
((
n,
q
q∗
))
τ (χ∗).
Combining this with Lemma 5, we may obtain: for N  q4,
( ∞∑
n=1
G(n,χ)
n
)2
= χ∗2
(
q
q∗
)
τ 2(χ∗)
∑
nN
χ∗(n)
n
f (n,q∗;q) + O
(
q
3
2 d2(q) logq logN√
N
)
, (11)
where
f (n,q∗;q) =
∑
st=n
μ
((
s,
q
q∗
))
μ
((
t,
q
q∗
))
φ
((
s,
q
q∗
))
φ
((
t,
q
q∗
))
. (12)
Before the calculation of M , we need to prove some lemmas involving f (n,q∗;q).
Lemma 6. Suppose that N  1 and k | q, then
∑
nN
| f (n,k;q)|
n
 d2
(
q
k
)
log2 N. (13)
Proof. From the deﬁnition of f (n,k;q) we know that
∑
nN
| f (n,k;q)|
n

∑
nN
1
n
∑
st=n
φ
((
s,
q
k
))
φ
((
t,
q
k
))

∑
sN
(s, qk )
s
∑
tN/s
(t, qk )
t

(∑
sN
(s, qk )
s
)2
=
(∑
d| qk
d
∑
sN
(s,q/k)=d
1
s
)2
=
(∑
d| qk
∑
sN/d
(s,q/(kd))=1
1
s
)2
 d2
(
q
k
)
log2 N. 
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∞∑
n=1
(n,q)=1
d2(n)
ns
= ζ
4(s)
ζ(2s)
∏
p|q
(
1− 1
ps
)3(
1+ 1
ps
)−1
, (14)
where ζ(s) is the Riemann zeta-function.
Proof. The well-known formula
∑∞
n=1 d2(n)n−s = ζ 4(s)ζ−1(2s) and the Euler product imply that
∞∑
n=1
(n,q)=1
d2(n)
ns
= ζ
4(s)
ζ(2s)
∏
p|q
( ∞∑
α=0
d2(pα)
psα
)−1
= ζ
4(s)
ζ(2s)
∏
p|q
( ∞∑
α=0
(α + 1)2
psα
)−1
,
a modicum of computation shows that
∞∑
α=0
(α + 1)2
psα
= (1− p−s)−3(1+ p−s),
and this establishes the lemma. 
Lemma 8. Suppose that q 3, μ(q) = 0 and k | q, we have
∞∑
n=1
(n,k)=1
f 2(n,k;q)
n2
= 5π
4
72
∏
p|q
(p − 1)3(6p + 2)
p2(p2 + 1)
∏
p|k
(p + 1)3
p2(6p + 2) . (15)
Proof. We write q = kk1, and (k,k1) = 1 since μ(q) = 0. It is obvious that f (n,k;q) is a multiplicative function, so that by
using Lemma 7, we have
∞∑
n=1
(n,k)=1
f 2(n,k;q)
n2
=
∏
pk
( ∞∑
α=0
f 2(pα,k;q)
p2α
)
=
∏
pq
( ∞∑
α=0
d2(pα)
p2α
)∏
p|k1
( ∞∑
α=0
1
p2α
( ∑
st=pα
μ((s,k1))μ((t,k1))φ((s,k1))φ((t,k1))
)2)
=
( ∞∑
n=1
(n,q)=1
d2(n)
n2
)∏
p|k1
(
1+
∞∑
α=1
1
p2α
(
(α − 1)(p − 1)2 − 2(p − 1))2
)
= ζ
4(2)
ζ(4)
∏
p|q
(
1− 1
p2
)3∏
p|q
(
1+ 1
p2
)−1
×
∏
p|k1
(
1+
∞∑
α=0
1
p2α+2
(
α2(p − 1)4 − 4α(p − 1)3 + 4(p − 1)2)
)
= ζ
4(2)
ζ(4)
∏
p|q
(
1− 1
p2
)3∏
p|q
(
1+ 1
p2
)−1∏
p|k1
(
1+ (p − 1)(5p
2 + 4p + 1)
(p + 1)3
)
= 5π
4
72
∏
p|q
(p2 − 1)3
p4(p2 + 1)
∏
p|k1
p2(6p + 2)
(p + 1)3
= 5π
4
72
∏
p|q
(p − 1)3(6p + 2)
p2(p2 + 1)
∏
p|k
(p + 1)3
p2(6p + 2) ,
and we complete the proof of this lemma. 
508 Y. Lu, Y. Yi / J. Math. Anal. Appl. 356 (2009) 502–516Now we come to the calculation of M . From Lemma 4 and (11) we know that for N  q4,
M = δ
π4φ(q)
∑
χ mod q
χ(−1)=−1
∣∣∣∣∣
∞∑
n=1
G(n,χ)
n
∣∣∣∣∣
4
= δ
π4φ(q)
∑
k|q
∑∗
χ mod k
χ(−1)=−1
( ∞∑
m=1
G(m,χχ0q )
m
)2( ∞∑
n=1
G(n,χχ0q )
n
)2
= δ
π4φ(q)
∑
k|q
k2
∑
mN
(m,k)=1
∑
nN
(n,k)=1
f (m,k;q) f (n,k;q)
mn
∑∗
χ mod k
χ(−1)=−1
χ(m)χ(n)
+ O
(
1
φ(q)
∑
k|q
kφ(k)d4(q) log2 q · q
3
2 d2(q) logq logN√
N
)
+ O
(
1
φ(q)
∑
k|q
φ(k)
(
q
3
2 d2(q) logq logN√
N
)2)
= δ
π4φ(q)
∑
k|q
k2
∑
mN
(m,k)=1
∑
nN
(n,k)=1
f (m,k;q) f (n,k;q)
mn
∑∗
χ mod k
χ(−1)=−1
χ(m)χ(n)
+ O
(
q
5
2 d7(q) log3 q logN√
N
)
= δ
2π4φ(q)
∑
k|q
k2
∑
mN
(m,k)=1
∑
nN
(n,k)=1
f (m,k;q) f (n,k;q)
mn
{ ∑
u|(k,m{n;k}−1)
μ
(
k
u
)
φ(u) −
∑
u|(k,m{n;k}+1)
μ
(
k
u
)
φ(u)
}
+ O
(
q
5
2 d7(q) log3 q logN√
N
)
= M1 − M2 + O
(
q
5
2 d7(q) log3 q logN√
N
)
. (16)
We need to estimate M1 and M2 respectively:
M1 = δ
2π4φ(q)
∑
k|q
k2
∑
mN
(m,k)=1
∑
nN
(n,k)=1
f (m,k;q) f (n,k;q)
mn
∑
u|(k,m{n;k}−1)
μ
(
k
u
)
φ(u)
= δ
2π4φ(q)
∑
k|q
k2
∑
u|k
μ
(
k
u
)
φ(u)
∑
nN
(n,k)=1
f (n,k;q)
n
∑
mN
(m,k)=1
m≡n (mod u)
f (m,k;q)
m
= δ
2π4φ(q)
∑
k|q
k2 J (k)
∑
nN
(n,k)=1
f 2(n,k;q)
n2
+ R, (17)
where
R = δ
2π4φ(q)
∑
k|q
k2
∑
u|k
μ
(
k
u
)
φ(u)
∑
nN
(n,k)=1
f (n,k;q)
n
∑
mN
(m,k)=1
m≡n (mod u),m =n
f (m,k;q)
m
 1
φ(q)
∑
k|q
k2
∑
u|k
φ(u)
∑
nN
| f (n,k;q)|
n
∑
mN/u
| f (n +mu,k;q)|
n +mu
 1
φ(q)
∑
k2
∑
φ(u)
∑ | f (n,k;q)|
n
∑ q2
k2
· d(n +mu)
n +muk|q u|k nN mN/u
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2
φ(q)
∑
k|q
∑
u|k
φ(u)
∑
nN
| f (n,k;q)|
n
∑
mN/u
(n +mu)ε−1
 N
εq2
φ(q)
∑
k|q
∑
u|k
φ(u)
u
∑
nN
| f (n,k;q)|
n
,
making use of Lemma 6, we have
R  N
εq2
φ(q)
d4(q). (18)
Similarly, we have
M2  N
εq2
φ(q)
d4(q), (19)
thus from (16), (17), (18) and (19) we have
M = δ
2π4φ(q)
∑
k|q
k2 J (k)
∑
mN
(m,k)=1
f 2(m,k;q)
m2
+ O
(
q
5
2 d7(q) log3 q logN√
N
+ N
εq2
φ(q)
d4(q)
)
.
Note that∑
m>N
(m,k)=1
f 2(m,k;q)
m2

∑
m>N
| f (m,k;q)|2
m2
 q
4
k4
∑
m>N
d2(m)
m2
 q
4 log3 N
k4N
,
we have
M = δ
2π4φ(q)
∑
k|q
k2 J (k)
∞∑
m=1
(m,k)=1
f 2(m,k;q)
m2
+ O
(
q4 log3 N
φ(q)N
∑
k|q
J (k)
k2
)
+ O
(
q
5
2 d7(q) log3 q logN√
N
+ N
εq2
φ(q)
d4(q)
)
.
Combining this with Lemma 8, and choosing N = q6, we obtain
M = δ
2π4φ(q)
∑
k|q
k2 J (k)
∞∑
m=1
(m,k)=1
f 2(m,k;q)
m2
+ O (q1+ε)
= 5δ
144φ(q)
(∏
p|q
(p − 1)3(6p + 2)
p2(p2 + 1)
)∑
k|q
k2 J (k)
∏
p|k
(p + 1)3
p2(6p + 2) + O
(
q1+ε
)
= 5δ
144φ(q)
(∏
p|q
(p − 1)3(6p + 2)
p2(p2 + 1)
)∏
p|q
(
1+ p2(p − 2) · (p + 1)
3
p2(6p + 2)
)
+ O (q1+ε)
= 5δ
144
φ3(q)
q
∏
p|q
p2 + 2p − 1
p2 + 1 + O
(
q1+ε
)
, (20)
where the O constant depends only on ε.
5. The estimation of E when q is squarefree
In this section, we will give the estimation of E when μ(q) = 0, several lemmas will be proved ﬁrst.
Lemma 9. Let m, n, Q be integers, Q  3, then
S(m,n; Q ) =
∑
d mod Q
(d,Q )=1
e
(
m
d
Q
+ n d
Q
)
 Q 12 (m,n, Q ) 12 d(Q ), (21)
where dd ≡ 1 (mod Q ), (m,n, Q ) is the greatest common divisor of m, n and Q .
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Lemma 10. Let p > 2 be a prime number, a and b be two integers satisfying (ab, p) = 1, then we have
p−1∑
c=1
e
(
c
p
)
S(a, c; p)S(b, c; p)  p 32 . (22)
Proof. From the deﬁnition of S(m,n; Q ), we can deduce that
p−1∑
c=1
e
(
c
p
)
S(a, c; p)S(b, c; p) =
∑
cp−1
e
(
c
p
) ∑
mp−1
e
(
am + cm
p
) ∑
np−1
e
(
bn + cn
p
)
=
∑
mp−1
∑
np−1
e
(
am + bn
p
) ∑
cp−1
e
(
c(1+m + n)
p
)
=
∑
mp−1
∑
np−1
e
(
am + bn
p
)∑
cp
e
(
c(1+m + n)
p
)
−
∑
mp−1
∑
np−1
e
(
am + bn
p
)
=
∑
mp−2
∑
np−2
e
(
m(a + bn)
p
)∑
cp
e
(
cm(1+m + n)
p
)
− 1
= p
∑
mp−2
∑
np−2
1+m+n≡0 (mod p)
e
(
m(a + bn)
p
)
− 1
= p
∑
np−2
e
(
(p − n − 1)(a + bn)
p
)
− 1
= pe
(
−a + b
p
) ∑
np−2
e
(
−an + bn
p
)
− 1
= pe
(
−a + b
p
)(
S(−a,−b; p) − e
(
a + b
p
))
− 1
= pe
(
−a + b
p
)
S(a,b; p) − p − 1,
and our conclusion follows at once from Lemma 9. 
Lemma 11. Let q 3 be any integer, μ(q) = 0, u | q, v | q. a and b are two integers satisfying (a,u) = (b, v) = 1, then we have
∑
lq−1
1
‖l/q‖
∣∣∣∣ ∑
cq
(c,q)=1
e
(
lc
q
)
S(a, c;u)S(b, c; v)
∣∣∣∣ q3− 12ω(q) d2(q) logq. (23)
Proof. If ω(q) = 1, then q is a prime, from Lemmas 9 and 10 we can easily deduce that
∑
lq−1
1
‖l/q‖
∣∣∣∣ ∑
cq
(c,q)=1
e
(
lc
q
)
S(a, c;u)S(b, c; v)
∣∣∣∣ q 32 ∑
lq−1
1
‖l/q‖  q
5
2 logq.
Now assume ω(q) 2. We denote p1 = max{p: p | q}, and consider the following cases when p1  l:
(i) p1  uv , then u | (q/p1), v | (q/p1). By using Lemma 9, we have
∑
cq
(c,q)=1
e
(
lc
q
)
S(a, c;u)S(b, c; v)
=
∑
x1q/p1
∑
x2p1
e
(
l(x1p1 + x2q/p1)
q
)
S
(
a, x1p1 + x2 q
p1
;u
)
S
(
b, x1p1 + x2 q
p1
; v
)(x1,q/p1)=1 (x2,p1)=1
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∑
x2p1
(x2,p1)=1
e
(
lx2
p1
) ∑
x1q/p1
(x1,q/p1)=1
e
(
lx1
q/p1
)
S(a, x1p1;u)S(b, x1p1; v)
 p1
(
q
p1
)2
d2(q)  q2− 1ω(q) d2(q).
(ii) p1 | uv but p  (u, v). Without losing of the generality, we assume p1 | u, p1  v , and write u = p1u1, it is obvious
that (p1,u1) = 1, u1 | (q/p1), v | (q/p1). Hence
∑
cq
(c,q)=1
e
(
lc
q
)
S(a, c;u)S(b, c; v)
=
∑
x1q/p1
(x1,q/p1)=1
∑
x2p1
(x2,p1)=1
e
(
l(x1p1 + x2q/p1)
q
)
S
(
a, x1p1 + x2 q
p1
;u
)
S
(
b, x1p1 + x2 q
p1
; v
)
=
∑
x1q/p1
(x1,q/p1)=1
∑
x2p1
(x2,p1)=1
e
(
l(x1p1 + x2q/p1)
q
)
S
(
b, x1p1 + x2 q
p1
; v
)
× S
(
a{p1;u1},
(
x1p1 + x2 q
p1
)
{p1;u1};u1
)
S
(
a{u1; p1},
(
x1p1 + x2 q
p1
)
{u1; p1}; p1
)
=
∑
x2p1
(x2,p1)=1
e
(
lx2
p1
)
S
(
a{u1; p1}, x2{u1; p1} q
p1
; p1
)
×
∑
x1q/p1
(x1,q/p1)=1
e
(
lx1
q/p1
)
S
(
a{p1;u1}, x1;u1
)
S(b, x1p1; v)
 p1 32
(
q
p1
)2
d2(q)  q2− 12ω(q) d2(q).
(iii) p1 | (u, v). We write u = p1u1, v = p1v1, it is obvious that (p1,u1) = (p1, v1) = 1, u1 | (q/p1), v1 | (q/p1). Similarly,
making use of Lemmas 9 and 10, we have
∑
cq
(c,q)=1
e
(
lc
q
)
S(a, c;u)S(b, c; v)
=
∑
x1q/p1
(x1,q/p1)=1
∑
x2p1
(x2,p1)=1
e
(
l(x1p1 + x2q/p1)
q
)
S
(
a, x1p1 + x2 q
p1
;u
)
S
(
b, x1p1 + x2 q
p1
; v
)
=
∑
x1q/p1
(x1,q/p1)=1
∑
x2p1
(x2,p1)=1
e
(
l(x1p1 + x2q/p1)
q
)
× S
(
a{p1;u1},
(
x1p1 + x2 q
p1
)
{p1;u1};u1
)
S
(
a{u1; p1},
(
x1p1 + x2 q
p1
)
{u1; p1}; p1
)
× S
(
b{p1; v1},
(
x1p1 + x2 q
p1
)
{p1; v1}; v1
)
S
(
b{v1; p1},
(
x1p1 + x2 q
p1
)
{v1; p1}; p1
)
=
∑
x2p1
(x2,p1)=1
e
(
lx2
p1
)
S
(
a{u1; p1}, x2{u1; p1} q
p1
; p1
)
S
(
b{v1; p1}, x2{v1; p1} q
p1
; p1
)
×
∑
x1q/p1
(x1,q/p1)=1
e
(
lx1
q/p1
)
S
(
a{p1;u1}, x1;u1
)
S
(
b{p1; v1}, x1; v1
)
 p1 32
(
q
p1
)2
d2(q)  q2− 12ω(q) d2(q).
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∑
cq
(c,q)=1
e
(
lc
q
)
S(a, c;u)S(b, c; v)  q2− 12ω(q) d2(q),
hence
∑
lq−1
1
‖l/q‖
∣∣∣∣ ∑
cq
(c,q)=1
e
(
lc
q
)
S(a, c;u)S(b, c; v)
∣∣∣∣

∑
lq
p1l
1
‖l/q‖q
2− 12ω(q) d2(q) +
∑
lq/p1−1
1
‖lp1/q‖
∣∣∣∣ ∑
cq
(c,q)=1
e
(
lp1c
q
)
S(a, c;u)S(b, c; v)
∣∣∣∣
 q3− 12ω(q) d2(q) logq + q2d2(q)
(
q
p1
log
q
p1
)
 q3− 12ω(q) d2(q) logq,
and we complete the proof of this lemma. 
Now we come to the estimation of E . Making use of
χ(n) = 1
q
q−1∑
l=1
G(l,χ)e
(
−nl
q
)
, if χ mod q, χ = χ0q ,
we obtain
E = 1
π4φ2(q)
∑
χ1 mod q
χ1(−1)=−1
∑
χ2 mod q
χ2(−1)=−1
χ1χ2 =χ0q
( ∞∑
n=1
G(n,χ1)
n
)2( ∞∑
n=1
G(n,χ2)
n
)2 ∑
hδq
χ1χ2(h)
= 1
π4φ2(q)
∑
χ1 mod q
χ1(−1)=−1
∑
χ2 mod q
χ2(−1)=−1
χ1χ2 =χ0q
( ∞∑
n=1
G(n,χ1)
n
)2( ∞∑
n=1
G(n,χ2)
n
)2 ∑
hδq
1
q
q−1∑
l=1
G(l,χ1χ2)e
(
−hl
q
)
= 1
π4qφ2(q)
q−1∑
l=1
1− e(−l[δq]/q)
e(l/q) − 1
∑
χ1 mod q
χ1(−1)=−1
∑
χ2 mod q
χ2(−1)=−1
χ1χ2 =χ0q
( ∞∑
n=1
G(n,χ1)
n
)2( ∞∑
n=1
G(n,χ2)
n
)2
G(l,χ1χ2)
= 1
π4qφ2(q)
q−1∑
l=1
1− e(−l[δq]/q)
e(l/q) − 1
∑
χ1 mod q
χ1(−1)=−1
∑
χ2 mod q
χ2(−1)=−1
( ∞∑
n=1
G(n,χ1)
n
)2( ∞∑
n=1
G(n,χ2)
n
)2
G(l,χ1χ2)
− 1
π4qφ2(q)
q−1∑
l=1
1− e(−l[δq]/q)
e(l/q) − 1
∑
χ mod q
χ(−1)=−1
∣∣∣∣∣
∞∑
m=1
G(m,χ)
m
∣∣∣∣∣
4
G
(
l,χ0
)
= E1 − E2. (24)
It is easy to deduce from Lemma 4 that
E2 = 1
π4qφ2(q)
q−1∑
l=1
1− e(−l[δq]/q)
e(l/q) − 1
∑
χ mod q
χ(−1)=−1
∣∣∣∣∣
∞∑
m=1
G(m,χ)
m
∣∣∣∣∣
4
G
(
l,χ0
)
 1
qφ2(q)
q−1∑ 1
|e(l/q) − 1|φ(q)q
2d8(q) log4 q · φ(q)
φ(
q
)l=1 (l,q)
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∑
d|q
1
φ(q/d)
∑
lq−1
(l,q)=d
1
‖l/q‖
 qd8(q) log4 q ·
∑
d|q
q/d
φ(q/d)
log
q
d
 qd10(q) log5 q. (25)
Before estimating E1, we will consider the inner sum of E1 ﬁrst. Let N  q4, making use of Lemma 4 and (11), we have
∑
χ1 mod q
χ1(−1)=−1
∑
χ2 mod q
χ2(−1)=−1
( ∞∑
n=1
G(n,χ1)
n
)2( ∞∑
n=1
G(n,χ2)
n
)2
G(l,χ1χ2)
=
∑
k1|q
∑
k2|q
∑∗
χ1 mod k1
χ1(−1)=−1
∑∗
χ2 mod k2
χ2(−1)=−1
G
(
l,χ1χ2χ
0
q
)
×
(
χ1
2
(
q
k1
)
τ 2(χ1)
∑
mN
χ1(m)
m
f (m,k1;q) + O
(
q
3
2 d2(q) logq logN√
N
))
×
(
χ2
2
(
q
k2
)
τ 2(χ2)
∑
nN
χ2(n)
n
f (n,k2;q) + O
(
q
3
2 d2(q) logq logN√
N
))
=
∑
k1|q
∑
k2|q
∑∗
χ1 mod k1
χ1(−1)=−1
∑∗
χ2 mod k2
χ2(−1)=−1
χ1
2
(
q
k1
)
χ2
2
(
q
k2
)
τ 2(χ1)τ
2(χ2)G
(
l,χ1χ2χ
0
q
)
×
∑
mN
∑
nN
χ1(m)χ2(n) f (m,k1;q) f (n,k2;q)
mn
+ O
(∑
k1|q
∑
k2|q
∑∗
χ1 mod k1
χ1(−1)=−1
∑∗
χ2 mod k2
χ2(−1)=−1
qd4(q) log2 q · q
3
2 d2(q) logq logN√
N
φ(q)
φ(
q
(l,q) )
√
q
)
=
∑
k1|q
∑
k2|q
∑∗
χ1 mod k1
χ1(−1)=−1
∑∗
χ2 mod k2
χ2(−1)=−1
χ1
2
(
q
k1
)
χ2
2
(
q
k2
)
τ 2(χ1)τ
2(χ2)G
(
l,χ1χ2χ
0
q
)
×
∑
mN
∑
nN
χ1(m)χ2(n) f (m,k1;q) f (n,k2;q)
mn
+ O
(
q6d6(q) log3 q logN√
N
)
.
From the deﬁnition of Gauss sum, we have
∑
χ1 mod q
χ1(−1)=−1
∑
χ2 mod q
χ2(−1)=−1
( ∞∑
n=1
G(n,χ1)
n
)2( ∞∑
n=1
G(n,χ2)
n
)2
G(l,χ1χ2)
=
∑
k1|q
∑
k2|q
∑
mN
(m,k1)=1
∑
nN
(n,k2)=1
f (m,k1;q) f (n,k2;q)
mn
∑∗
χ1 mod k1
χ1(−1)=−1
∑∗
χ2 mod k2
χ2(−1)=−1
χ1
2
(
q
k1
)
× χ22
(
q
k2
)
χ1(m)χ2(n)
∑
a1k1
(a1,k1)=1
χ1(a1)e
(
a1
k1
) ∑
a2k1
(a2,k1)=1
χ1(a2)e
(
a2
k1
)
×
∑
b1k2
(b1,k2)=1
χ2(b1)e
(
b1
k2
) ∑
b2k2
(b2,k2)=1
χ2(b2)e
(
b2
k2
) ∑
cq
(c,q)=1
χ1χ2(c)e
(
lc
q
)
+ O
(
q6d6(q) log3 q logN√
)
N
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∑
k1|q
∑
k2|q
∑
mN
(m,k1)=1
∑
nN
(n,k2)=1
f (m,k1;q) f (n,k2;q)
mn
∑
cq
(c,q)=1
e
(
lc
q
)
×
∑
a1k1
(a1,k1)=1
∑
a2k1
(a2,k1)=1
e
(
a1 + a2
k1
) ∑
b1k2
(b1,k2)=1
∑
b2k2
(b2,k2)=1
e
(
b1 + b2
k2
)
×
∑∗
χ1 mod k1
χ1(−1)=−1
χ1
2
(
q
k1
)
χ1(a1a2)χ1(mc)
∑∗
χ2 mod k2
χ2(−1)=−1
χ2
2
(
q
k2
)
χ2(b1b2)χ2(nc)
+ O
(
q6d6(q) log3 q logN√
N
)
= 1
4
∑
k1|q
∑
k2|q
∑
mN
(m,k1)=1
∑
nN
(n,k2)=1
f (m,k1;q) f (n,k2;q)
mn
∑
cq
(c,q)=1
e
(
lc
q
)
×
∑
a1k1
(a1,k1)=1
∑
a2k1
(a2,k1)=1
e
(
a1 + a2
k1
) ∑
b1k2
(b1,k2)=1
∑
b2k2
(b2,k2)=1
e
(
b1 + b2
k2
)
×
( ∑
u|(k1, q2
k21
a1a2{(mc);k1}−1)
μ
(
k1
u
)
φ(u) −
∑
u|(k1, q2
k21
a1a2{(mc);k1}+1)
μ
(
k1
u
)
φ(u)
)
×
( ∑
v|(k2, q2
k22
b1b2{(nc);k2}−1)
μ
(
k2
v
)
φ(v) −
∑
v|(k2, q2
k22
b1b2{(nc);k2}+1)
μ
(
k2
v
)
φ(v)
)
+ O
(
q6d6(q) log3 q logN√
N
)
= 1
4
∑
k1|q
∑
k2|q
∑
mN
(m,k1)=1
∑
nN
(n,k2)=1
f (m,k1;q) f (n,k2;q)
mn
×
∑
u|k1
∑
v|k2
μ
(
k1
u
)
μ
(
k2
v
)
φ(u)φ(v)
2∑
α=1
2∑
β=1
(−1)α+β Aαβ
+ O
(
q6d6(q) log3 q logN√
N
)
, (26)
where
Aαβ =
∑
cq
(c,q)=1
e
(
lc
q
) ∑
a1k1
(a1,k1)=1
∑
a2k1
(a2,k1)=1
q2
k21
a1a2≡(−1)αmc (mod u)
e
(
a1 + a2
k1
) ∑
b1k2
(b1,k2)=1
∑
b2k2
(b2,k2)=1
q2
k22
b1b2≡(−1)βnc (mod v)
e
(
b1 + b2
k2
)
. (27)
Notice that for μ(k) = 0, t | k and (s, t) = 1, we have
∑
ak
(a,k)=1
∑
bk
(b,k)=1
ab≡s (mod t)
e
(
a + b
k
)
=
∑
x1t
(x1,t)=1
∑
x2k/t
(x2,k/t)=1
∑
y1t
(y1,t)=1
∑
y2k/t
(y2,k/t)=1
x1 y1(
k
t )
2≡s (mod t)
e
(
x1(k/t) + x2t + y1(k/t) + y2t
k
)
=
∑
x1t
(x1,t)=1
∑
y1t
(y1,t)=1
x y ( k )2≡s (mod t)
e
(
x1 + y1
t
) ∑
x2k/t
(x2,k/t)=1
e
(
x2
k/t
) ∑
y2k/t
(y2,k/t)=1
e
(
y2
k/t
)1 1 t
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(
k
t
) ∑
x1t
(x1,t)=1
∑
y1t
(y1,t)=1
x1 y1(
k
t )
2≡s (mod t)
e
(
x1 + y1
t
)
= S({(k/t)2; t}, s; t),
thus from (27) we know that
Aαβ =
∑
cq
(c,q)=1
e
(
lc
q
)
S
({
(k1/u)
2;u}, (−1)α{(q/k1)2;u}mc;u)S({(k2/v)2; v}, (−1)β{(q/k2)2; v}nc; v)
=
∑
cq
(c,q)=1
e
(
lc
q
)
S
(
(−1)α{(q/u)2;u}m, c;u)S((−1)β{(q/v)2; v}n, c; v). (28)
From (26), (28) and Lemma 11, we have
E1 = 1
4π4qφ2(q)
∑
k1|q
∑
k2|q
∑
mN
(m,k1)=1
∑
nN
(n,k2)=1
f (m,k1;q) f (n,k2;q)
mn
×
∑
u|k1
∑
v|k2
μ
(
k1
u
)
μ
(
k2
v
)
φ(u)φ(v)
2∑
α=1
2∑
β=1
(−1)α+β
×
q−1∑
l=1
1− e(−l[δq]/q)
e(l/q) − 1 Aαβ + O
(
q6d6(q) log4 q logN
φ2(q)
√
N
)
 1
qφ2(q)
∑
k1|q
∑
k2|q
∑
mN
(m,k1)=1
∑
nN
(n,k2)=1
| f (m,k1;q) f (n,k2;q)|
mn
×
∑
u|k1
∑
v|k2
φ(u)φ(v)
2∑
α=1
2∑
β=1
∑
lq−1
1
‖l/q‖ |Aαβ | +
q4d8(q) log4 q logN√
N
 q2− 12ω(q) d4(q) logq ·
(∑
k|q
∑
mN
(m,k)=1
| f (m,k;q)|
m
)2
+ q
4d8(q) log4 q logN√
N
,
combining this with Lemma 6, we obtain
E1  q2−
1
2ω(q) d10(q) logq log4 N + q
4d8(q) log4 q logN√
N
,
if we choose N = q8, we will have
E1  q2−
1
2ω(q) d10(q) log5 q. (29)
Hence from (24), (25) and (29) we have
E  q2− 12ω(q) +ε, (30)
where the  constant depends only on ε.
Our main theorem follows at once from (8), (20) and (30).
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